The aim of this paper is to emphasize various concepts of dichotomies for evolution equations in Banach spaces, due to the important role they play in the approach of stable, instable and central manifolds. The asymptotic properties of the solutions of the evolution equations are studied by means of the asymptotic behaviors for skew-evolution semiflows.
Preliminaries
Recently, the important progress made in the study of evolution equations had a master role in the developing of a vast literature, concerning mostly the asymptotic properties of linear operators semigroups, evolution operators or skew-product semiflows.
In this paper, the study is led throughout the notion of skew-evolution semiflow on Banach spaces, defined by means of an evolution semiflow and an evolution cocycle. As the skew-evolutions semiflows reveal themselves to be generalizations of evolution operators and skew-product semiflows, they are appropriate to study the asymptotic properties of the solutions of evolution equations having the form u(t) = A(t)u(t), t > t 0 ≥ 0 u(t 0 ) = u 0 , and Y = X × V .
Definition 1 A mapping ϕ : T × X → X is called evolution semiflow on X if following relations hold:
(s 1 ) ϕ(t, t, x) = x, ∀(t, x) ∈ R + × X; (s 2 ) ϕ(t, s, ϕ(s, t 0 , x)) = ϕ(t, t 0 , x), ∀(t, s), (s, t 0 ) ∈ T, x ∈ X.
Definition 2 A mapping Φ : T × X → B(V ) is called evolution cocycle over an evolution semiflow ϕ if: (c 1 ) Φ(t, t, x) = I, ∀(t, x) ∈ R + × X; (c 2 ) Φ(t, s, ϕ(s, t 0 , x))Φ(s, t 0 , x) = Φ(t, t 0 , x), ∀(t, s), (s, t 0 ) ∈ T, x ∈ X.
Definition 3 The mapping C : T × Y → Y defined by the relation

C(t, s, x, v) = (ϕ(t, s, x), Φ(t, s, x)v),
where Φ is an evolution cocycle over an evolution semiflow ϕ, is called skewevolution semiflow on Y . 
|x(t) − y(t)|.
If x ∈ C, then, for all t ∈ R + , we denote x t (s) = x(t + s), x t ∈ C. Let X be the closure in C of the set {f t , t ∈ R + }, where f : R + → R * + is a decreasing function. It follows that (X, d) is a metric space. The mapping ϕ : T × X → X, ϕ(t, s, x) = x t−s is an evolution semiflow on X.
We consider V = R 2 , with the norm v = |v 1 | + |v 2 |, v = (v 1 , v 2 ) ∈ V . The mapping Φ : T × X → B(V ) given by Φ(t, s, x)v = e is an evolution cocycle over ϕ and C = (ϕ, Φ) is a skew-evolution semiflow.
Remark 1 A connection between the solutions of a differential equatioṅ
and a skew-evolution semiflow is given by the definition of the evolution cocycle Φ, by the relation Φ(t, s, x)v = U (t, s)v, where U (t, s) = u(t)u −1 (s), (t, s) ∈ T , (x, v) ∈ Y , and where u(t), t ∈ R + , is a solution of the differential equation (1) .
The fact that the skew-evolution semiflows are generalizations for skewproduct semiflows is emphasized by Example 2 Let X be the metric space defined as in Example 1. The mapping ϕ 0 : R + × X → X, ϕ 0 (t, x) = x t , where x t (τ ) = x(t + τ ), ∀τ ≥ 0, is a semiflow on X. Let us consider for every x ∈ X the parabolic system with Neumann's boundary conditions:
Let V = L 2 (0, 1) be a separable Hilbert space with the orthonormal basis {e n } n∈N , e 0 = 1, e n (y) = √ 2 cos nπy, where y ∈ (0, 1), n ∈ N. We denote D(A) = {v ∈ L 2 (0, 1), v(0) = v(1) = 0} and we define the operator
which generates a C 0 -semigroup S, defined by S(t)v = ∞ n=0 e −n 2 π 2 t v, e n e n , where ·, · denotes the scalar product in V . We define for every x ∈ X,
The mapping
is a cocycle over the semiflow ϕ 0 and C 0 = (ϕ 0 , Φ 0 ) is a linear skew-product semiflow strongly continuous on Y . Also, for all v 0 ∈ D(A), we have obtained that v(t) = Φ(t, x)x 0 , t ≥ 0, is a strongly solution of system (3).
is a skew-evolution semiflow on Y . Hence, the skew-evolution semiflows generalize the notion of skew-evolution semiflows.
An interesting class of skew-evolution semiflows, useful to describe some asymptotic properties, is given by Example 3 Let us consider a skew-evolution semiflow C = (ϕ, Φ) and a parameter λ ∈ R. We define the mapping
One can remark that C λ = (ϕ, Φ λ ) also satisfies the conditions of Definition 3, being called λ-shifted skew-evolution semiflow on Y . Let us consider on the Banach space V the Cauchy problem
with the nonlinear operator A. Let us suppose that A generates a nonlinear
defines an evolution cocycle. Moreover, the mapping defined by
is generated by the operator A − λI, is also an evolution cocycle.
Definition 4 A skew-evolution semiflow C = (ϕ, Φ) is said to be strongly measurable if, for all (t 0 , x, v) ∈ T × Y , the mapping s → Φ(s, t 0 , x)v is measurable on [t 0 , ∞).
Definition 5
The skew-evolution semiflow C = (ϕ, Φ) is said to have exponential growth if there exist M, ω : R + → R * + such that:
Remark 2 If C = (ϕ, Φ) is a skew-evolution semiflow with exponential growth, as following relations
Remark 3 (i) If we consider in Definition 5 the constants M ≥ 1 and ω > 0, the skew-evolution semiflow C is said to have uniform exponential growth;
(ii) If in Definition 5 we consider M ≥ 1 to be a constant such that the relation Φ(t, s, x) ≤ M e ω(t−s) holds for all (t, s) ∈ T and all x ∈ X, the skew-evolution semiflow C is said to have bounded exponential growth.
Definition 6
The skew-evolution semiflow C = (ϕ, Φ) is said to have exponential decay if there exist M, ω : R + → R * + such that:
Remark 4 If C = (ϕ, Φ) be a skew-evolution semiflow with exponential decay, as following relations
has also exponential decay.
Remark 5
If in Definition 6 we consider M ≥ 1 and ω > 0 to be constants, the skew-evolution semiflow C is said to have uniform exponential decay.
On various classes of dichotomy
Definition 7 A continuous mapping P : Y → Y defined by:
where P (x) is a linear projection on Y x , is called projector on Y .
Remark 6
The mapping P (x) : Y x → Y x is linear and bounded and satisfies the relation P (x)P (x) = P 2 (x) = P (x) for all x ∈ X.
For all projectors P : Y → Y we define the sets
Remark 7 Let P be a projector on Y . Then ImP and KerP are closed subsets of Y and for all x ∈ X we have
Remark 8 If P is a projector on Y , then the mapping
is also a projector on Y , called the complementary projector of P .
Definition 8 A projector P on Y is called invariant relative to a skewevolution semiflow C = (ϕ, Φ) if following relation holds:
for all (t, s) ∈ T and all x ∈ X.
Remark 9 If the projector P is invariant relative to a skew-evolution semiflow C, then its complementary projector Q is also invariant relative to C.
Definition 9 A projector P 1 and its complementary projector P 2 are said to be compatible with a skew-evolution semiflow C = (ϕ, Φ) if (d 1 ) the projectors P 1 and P 2 are invariant on Y ; (d 2 ) for all x ∈ X, the projections P 1 (x) and P 2 (x) commute and the relation P 1 (x)P 2 (x) = 0 holds.
In what follows we will denote
We remark that Φ k , k ∈ {1, 2} are evolution cocycles and
are skew-evolution semiflows, over all evolution semiflows ϕ on X.
Definition 10
The skew-evolution semiflow C = (ϕ, Φ) is called uniformly exponentially dichotomic if there exist two projectors P 1 and P 2 compatible with C, some constants N 1 ≥ 1, N 2 ≥ 1 and ν 1 , ν 2 > 0 such that:
for all (t, s), (s, t 0 ) ∈ T and all (x, v) ∈ Y .
Remark 10 Without any loss of generality we can consider
In what follows we will define generalizations for skew-evolution semiflows of some asymptotic properties given by L. Barreira and C. Valls for evolution equations in [1] .
Definition 11
The skew-evolution semiflow C = (ϕ, Φ) is called BarreiraValls exponentially dichotomic if there exist two projectors P 1 and P 2 compatible with C, some constants N ≥ 1, α 1 , α 2 > 0 and β 1 , β 2 > 0 such that:
Definition 12
The skew-evolution semiflow C = (ϕ, Φ) is called exponentially dichotomic if there exist two projectors P 1 and P 2 compatible with C, some mappings N 1 , N 2 : R + → R * + and some constants ν 1 , ν 2 > 0 such that:
Some immediate connections concerning the previously defined asymptotic properties for skew-evolution semiflows are given by Remark 11 (i) A uniformly exponentially dichotomic skew-evolution semiflow is Barreira-Valls exponentially dichotomic;
(ii) Barreira-Valls exponentially dichotomic skew-evolution semiflow is exponentially dichotomic.
The reciprocal statements are not true, as shown in what follows. Hence, the next example emphasizes a skew-evolution semiflow which is BarreiraValls exponentially dichotomic, but is not uniformly exponentially dichotomic.
Example 4 Let f : R + → (0, ∞) be a decreasing function with the property that there exists lim t→∞ f (t) = l > 0. We will consider λ > f (0). Let C = C(R, R) be the metric space of all continuous functions x : R → R, with the topology of uniform convergence on compact subsets of R. C is metrizable relative to the metric given in Example 1. We denote X the closure in C of the set {f t , t ∈ R + }, where f t (τ ) = f (t + τ ), ∀τ ∈ R + . Then (X, d) is a metric space. The mapping
is an evolution semiflow on X. Let us consider the Banach space V = R 2 with the norm
, for all x ∈ X and all v = (v 1 , v 2 ) ∈ V , compatible with the skew-evolution semiflow C = (ϕ, Φ).
We have, according to the properties of function x,
Also, following relations |Φ(t, s, x)P 2 (x)v| = e 3t−3s−2t cos t+2s cos s+
Hence, the skew-evolution semiflow C = (ϕ, Φ) is Barreira-Valls exponentially dichotomic with N = 1, α 1 = α 2 = β 2 = 1 + l, β 1 = 3 + l.
Let us suppose now that C = (ϕ, Φ) is uniformly exponentially dichotomic. According to Definition 10, there exist N ≥ 1 and ν 1 > 0, ν 2 > 0 such that
and N e 3t−3s−2t cos t+2s cos s e t s
If we consider t = 2nπ + π 2 and s = 2nπ, we have in the first inequality
which, for n → ∞, leads to a contradiction. In the second inequality, if we consider t = 2nπ and s = 2nπ − π, we obtain N e −4nπ+3π ≥ e ν 2 π e 2nπ 2nπ−π
For n → ∞, a contradiction is obtained.
We obtain that C is not uniformly exponentially dichotomic.
There exist exponentially dichotomic skew-evolution semiflows that are not Barreira-Valls exponentially dichotomic, as in the next Example 5 We consider the metric space (X, d), the Banach space V , the evolution semiflow ϕ and the projectors P 1 and P 2 defined as in Example 4. Let us consider a continuous function g : R + → [1, ∞) with g(n) = e n·2 2n and g n + 1 2 2n = 1.
The mapping Φ :
is an evolution cocycle over the evolution semiflow ϕ. As
the skew-evolution semiflow C = (ϕ, Φ) is exponentially dichotomic, with and e n(2 n +α 2 −β 2 ) ≤ N e 1+λ−α 2 2 2n
.
As, for n → ∞, two contradictions are obtained, it follows that C is not Barreira-Valls exponentially dichotomic.
Let us present some particular classes of dichotomy, given by Definition 13 A skew-evolution semiflow C = (ϕ, Φ) is uniformly polynomially dichotomic if there exist two projectors P 1 and P 2 compatible with C and some constants N ≥ 1 and α 1 > 0, α 2 > 0 such that:
for all (t, s) ∈ T and all (x, v) ∈ Y .
Definition 14 A skew-evolution semiflow C = (ϕ, Φ) is Barreira-Valls polynomially dichotomic if there exist some constants N ≥ 1, α 1 > 0, α 2 > 0 and β 1 > 0, β 2 > 0 such that:
Definition 15 A skew-evolution semiflow C = (ϕ, Φ) is polynomially dichotomic if there exist a function N : R + → [1, ∞), some constants α 1 > 0 and α 2 > 0 such that:
Relations between the defined classes of dichotomy are described by Remark 12 (i) A uniformly polynomially dichotomic skew-evolution semiflow is Barreira-Valls polynomially dichotomic;
(ii) A Barreira-Valls polynomially dichotomic is polynomially dichotomic.
The next example shows a skew-evolution semiflow which is BarreiraValls polynomially dichotomic but is not uniformly polynomially dichotomic.
Example 6
We consider the metric space (X, d), the Banach space V , the evolution semiflow ϕ and the projectors P 1 and P 2 defined as in Example 4. We will consider the mapping
We define
Φ is an evolution cocycle over ϕ. Due to the properties of function x and of
for all t ≥ s ≥ t 0 = 1 and all (x, v) ∈ Y . Also, following relations
hold for all t ≥ s ≥ t 0 = 1 and all (x, v) ∈ Y . Hence, by Definition 14, the skew-evolution semiflow C = (ϕ, Φ) is Barreira-Valls polynomially dichotomic.
We suppose now that C is uniformly polynomially dichotomic. According to Definition 13, there exist N ≥ 1 and α 1 > 0 such that We have, if we consider the properties of function x, that
which, if n → ∞, leads to a contradiction. Also, as in Definition 13, there exist N ≥ 1 and α 1 > 0 such that
for all t ≥ s ≥ t 0 , which implies, for t = e 
which, for n → ∞, is a contradiction. We obtain thus that C is not uniformly polynomially dichotomic.
There exist skew-evolution semiflows that are polynomially dichotomic but are not Barreira-Valls polynomially dichotomic.
Example 7 Let us consider the data given in Example 5. We obtain
for all (t, s, x, v) ∈ T × Y , which proves that the skew-evolution semiflow C = (ϕ, Φ) is polynomially dichotomic. If we suppose that C is Barreira-Valls polynomially dichotomic, there exist N ≥ 1, α 1 > 0, α 2 > 0 and
If we consider t = n + 1 2 2n and s = n, we obtain
and e n·2 2n ≤ N n + 1 2 2n
For n → ∞, two contradictions are obtained, which proves that C is not Barreira-Valls polynomially dichotomic.
Main results
The first results will prove some relations between all the classes of dichotomies.
Proposition 1 A uniformly exponentially dichotomic skew-evolution semiflow C = (ϕ, Φ) is uniformly polynomially dichotomic.
Proof. Let us consider in Definition 10, without any loss of generality, t 0 = 1. It also assures the existence of constants N ≥ 1 and
it follows that
We also have the property of function
of being nondecreasing, which assures the inequality e s e t ≤ s t , ∀t ≥ s > 0 and, further, for all t ≥ s ≥ 1 and all (x, v) ∈ Y , we have
where constants N ≥ 1 and ν 2 > 0 are also given by Definition 10. Thus, according to Definition 13, C is uniformly polynomially dichotomic.
We give an example of a skew-evolution semiflow which is uniformly polynomially dichotomic, but is not uniformly exponentially dichotomic.
Example 8 Let (X, d) be the metric space, V the Banach space, ϕ the evolution semiflow, P 1 and P 2 the projectors given as in Example 4.
Let us consider the function g : R + → R, given by g(t) = t 2 + 1 and let us define
We can consider t 0 = 1 in Definition 13. As,
according to the properties of function x, we have
for all t ≥ s ≥ 1 and all v ∈ V . It follows that C = (ϕ, Φ) is uniformly polynomially dichotomic.
If the skew-evolution semiflow C = (ϕ, Φ) is also uniformly exponentially dichotomic, according to Definition 10, there exist N ≥ 1 ν 1 > 0 and ν 2 > 0 such that
for all t ≥ s ≥ t 0 and all v ∈ V. If we consider s = t 0 and t → ∞, two contradictions are obtained, which proves that C is not uniformly exponentially dichotomic.
Proposition 2 A Barreira-Valls exponentially dichotomic skew-evolution semiflow C = (ϕ, Φ) with α i ≥ β i > 0, i ∈ {1, 2}, is Barreira-Valls polynomially dichotomic.
Proof. According to Definition 11, there exist some constants N ≥ 1, α 1 > 0 and β 1 > 0 such that
As the mapping f : (0, ∞) → (0, ∞), defined by f (u) = e u u is nondecreasing, and as, by hypothesis, we can chose α 1 ≥ β 1 , we obtain that
for all t ≥ s > 0 and all (x, v) ∈ Y . Analogously, we obtain
for all t ≥ s > 0 and all (x, v) ∈ Y , where the constants N ≥ 1, α 2 > 0 and β 2 > 0 are also assured by Definition 10, with the property α 2 ≥ β 2 .
Hence, according to Definition 13, C is Barreira-Valls polynomially dichotomic.
There exist skew-evolution semiflows that are Barreira-Valls polynomially dichotomic, but are not Barreira-Valls exponentially dichotomic.
Example 9
We consider the metric space (X, d), the Banach space V , the evolution semiflow ϕ and the projectors P 1 and P 2 defined as in Example 4.
Let us consider the function g : R + → R, given by g(t) = t + 1 and let us define an evolution cocycle Φ as in Example 8. We obtain
for all t ≥ s ≥ 1 and all v ∈ V . It follows that the skew-evolution semiflow C = (ϕ, Φ) is Barreira-Valls polynomially dichotomic. Let us suppose that C is also Barreira-Valls exponentially dichotomic. According to Definition 11, there exist some constants N ≥ 1, α 1 , β 1 > 0 and α 2 , β 2 > 0 such that
for all (t, s), (s, t 0 ) ∈ T and all (x, v) ∈ Y . We consider s = t 0 . We have
For t → ∞, we obtain two contradictions, and, hence, C is not Barreira-Valls exponentially dichotomic.
Proposition 3 An exponentially dichotomic skew-evolution semiflow C = (ϕ, Φ) is polynomially dichotomic.
Proof. Definition 12 assures the existence of a function N 1 : R + → [1, ∞) and a constant ν 1 > 0 such that
As following inequalities e t ≥ t + 1 > t hold for all t ≥ 0, we obtain
for all t ≥ s > 0 and all (x, v) ∈ Y . As, by Definition 12 there exist a function N 2 : R + → [1, ∞) and a constant ν 2 > 0 such that
Analogously, as previously, we have
for all t ≥ s > 0 and all (x, v) ∈ Y . Hence, according to Definition 15, C is polynomially dichotomic.
We present an example of a skew-evolution semiflow which is polynomially dichotomic, but is not exponentially dichotomic.
Example 10
We consider the metric space (X, d), the Banach space V , the evolution semiflow ϕ, the projectors P 1 , P 2 and function g as in Example 9. Let
be an evolution cocycle. Analogously as in the mentioned Example, the skew-evolution semiflow C is Barreira-Valls polynomially dichotomic, and, according to Remark 12 (ii), it is also polynomially dichotomic. On the other hand, if we suppose that C is exponentially dichotomic, there exist N 1 , N 2 : R + → R * + and ν 1 , ν 2 > 0 such that for all (t, s) ∈ T and all (x, v) ∈ Y . If we consider s = t 0 and t → ∞, we obtain two contradictions, which shows that C is not exponentially dichotomic.
A characterization for the classic and mostly encountered property of exponential dichotomy is given by the next ≤ D(t 0 ) Φ 2 (t, t 0 , x)v hold for all s ≥ 0 and all (x, v) ∈ Y , where we have denoted
Sufficiency. According to relation (i), the γ-shifted skew-evolution semiflow Hence, for t ≥ s + 1, we obtain c| < v * , Φ Thus, we obtain Φ Hence, the skew-evolution semiflow is exponentially dichotomic, which ends the proof.
